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Abstract

Let X be a generic quintic threefold in projective space P* over the
complex numbers. For a natural number d, let #4(X) be the subscheme
of Hilb(X) that parametrizes irreducible rational curves of degree d on
X. In this paper, we show that

(1) #4(X) is smooth and of dimension 0,

(2) furthermore it consists of immersed rational curves.

(3) Parts (1) and (2) have an implication in complex geometry: if

[C] € #4(X) and ¢ : P* — C is the normalization, the normal
bundle is isomorphic to

Op1(—1) ® Op1 (—1).

The implication is the main statement of Clemens’ conjecture.
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1 Introduction

1.1 Statement

The result addresses a moduli problem in algebraic geometry over the complex
numbers. The following is the statement.

Theorem 1.1.

Let X be a generic quintic threefold in P* over C. Let My4(X) be the sub-
scheme of Hilb(X) parameterizing irreducible rational curves of degree d on X.
Then

(1) My4(X) is smooth and of dimension 0,

(2) Mq(X) consists of immersed rational curves. Precisely, if

c: P> C

is the normalization of the image C = c(P*) with the point [C] € Mq(X),
then c s an immersion.

Remark Various notions of the genericity are used for brevity. Precisely
we’ll use the expression “generic v € V7 and “generic with respect to w” to
indicate v is a closed point in a unspecified Zariski open subset of a component
of the scheme V and w is independent of the open set. Also the ambient scheme
V may be omitted in the context. For instance, in the theorem 1.1, the V is the
variety PH?(0Op4(5)).

Part (1) relates the tangent space of the Hilbert scheme to the normal sheaf
of rational curves. It leads to a group isomorphism,

Hom(J¢ /I8, 0c) = TicyMa(X) = 0
where J¢ is the ideal sheaf of the rational curve C. Now the part (2) further
implies that the pullback of the normal sheaf

Nex i=c" (%om(fc /IE, @C)>

is the vector bundle of the immersion and the bundle does not admit a non-zero
section. Since this vector bundle by the adjuntion formula has degree —2, it is
isomorphic to

Op1(—1) @ Op1(—1). (1.1)



So Theorem 1.1 implies

Corollary 1.2. The formula (1.1) is correct for all rational curves on a very
general X, where the “very general X7 is referred to as a quintic in the inter-
section of countably many determined Zariski open sets of PHY(Opa(5)).

The corollary implies the main statement of Clemens’ conjecture ([1]) which
predicts that if C' is smooth, there is a complex analytic formula on the normal
bundle N¢,/y := T3¢,

NC’/X ~ @pl(—l) S¥) @pl(—l). (12)

The corollary now is optimal since it is known that singular rational curves

on X do exist ([5]).

1.2 Outline of the proof

1.2.1 Setting in non-moduli view

The existence of .#4(X) was proved in [4]. So it suffices to prove its property
which is in the standard field of algebraic geometry. Our idea, however, is to go
around the standard formulation to attack its concrete objects' represented by
the moduli. This leads us to a different field. What follows is this non-moduli
approach. It begins with the affine space

M= %BHO(@Pl(d))a

the collection of 5-tuples of homogeneous polynomials in two variables of degree
d. Let M, be the open subset such that the projectivization satisfies

P(My) ~ {c € Homy;,(P*,P*) : deg(c(P')) = d}. (1.3)

To simplify the notation, we denote an element in My and its corresponding
birational-to-image map P! — P* by the same letter ¢. The upper case C
denotes the image c(P!), and all three are referred to as the rational curve of
the element ¢ € M. However the difference in representation should be noticed.
For instance, there is the GL(2) action on My, induced from the automorphisms
of P! for each ¢ € My. The P(M,) is obtained by modding out the group
action of the 1-dimensional torus G,,. Furthermore the Hilbert scheme .Z,(P*)

IThe word “object” is loosely used in a general sense as a mathematical structure is a
representation of various concrete objects. For instance, a geometric structure represents
coordinates’ charts; a moduli space represents families of objects in algebraic geometry, etc.



parametrizing irreducible rational curves C P* of degree d can be obtained by
modding out the GL(2) action 2. In the following we introduce the “objects” of
the setting. Let S = PH?(0Op4(5)) the projectivization of the space of quintic
polynomials and S° an affine open set. Let A C P! be an affine open set of
P! that consists of all finite numbers in the projective plane. For a ty € A, a
rational curve ¢ gives a holomorphic map

My — A% (i.e. the 5-tuple in My)

¢ = cty), (1.4)

where P(A%) = P%. The quintic f € S° determines another holomorphic map

A - C

z = f(2). (1.5)
Hence the composition is a holomorphic map

S° % Md — C
1.6
() = flelto)). (0

Choose 5d + 1 distinct points t; € A, denoted by

t=(t1,ta, -, tsap1) € [[ P
5d+1
We obtain a holomorphic map for a fixed f € S°:
vo: My — Cod+1

(1.7)

oo (et St

Notice the degree of the polynomial f(c(t)) for the variable ¢t € A is 5d, where
the polynomial f(c(t)) is also canonically extended to the section

c¢*(f) € H(Op1 (5d)).
Hence a rational curve is represented by a point [C] € #4(X) with
X =div(f) c P4
if and only if C' is ¢(P1!) for

c e vy ({0}). (1.8)

We call v, '({0}) and M, the non-moduli objects of M(X) and My(P*) re-
spectively, and the type of setting based on them a non-moduli view. In a
non-moduli view, Theorem 1.1 claims that for a generic quintic f, vy '({0}) is
smooth of dimension 4, i.e the differential map dyy is surjective at vy *({0}).

2The non-moduli space M contains the information of GL(2) action which has a profound
impact on the moduli problem of Theorem 1.1.



The original problem in algebraic geometry is now converted to that in differ-
ential geometry®. Nonetheless the differential map has the structural obstacle —
the genericity of the quintic 3-fold f. Our idea is to find a way in differentiation
to evade the 3-fold f.

Such an evasion comes from a two-step-reduction: 1) variation of f in a
2-dimensional plane, 2) followed by a projection. First, let P C S be a 2-
dimensional plane generic in the Grassmannian of S. In the second step, we
observe the diagram of projections P, and P,

I'p (1.9)
N
P My
where I'p is the union of the irreducible components of the incidence scheme

((f,¢) €P x My : C C div(f)}

such that each component dominates P. For a subvariety W C P, let T'p N (W x
My) be the intersection scheme, and Jy an irreducible component dominating
W. We'll use Iy to denote the scheme-theoretical image P,.(Jy ). In particular
I sy for a point f € P is abbreviated as Iy, and I is reduced to a component of
My(X) for X = div(f). It will be proved in Proposition 2.7 that the projection
P, is a local isomorphism to its image around a generic point. In particular,
there is an isomorphism

T(fg,cg)l‘]p >~ TCQI]p, (110)

where (fg,cq) € I'p is a generic point with S-generic f, € P, and “S-generic”
means the genericity in S. The isomorphism (1.10) is the reduction needed for
the evasion. Intrinsically the dominance of P implies that the reduction (1.10)
is equivalent to

dim (T, (Is,)) + 2 = dim (T, Ip). (1.11)

Since the GL(2) group has dimension 4, the minimum dimension of T, Ip must
be 6 in which case,
dim (T, (Is,)) = 4. (1.12)

or equivalently dug|c, is surjective. Therefore the realization of the minimum
dimension 6 is equivalent to the main statement of Theorem 1.1.

3The migration from algebraic geometry to differential geometry is our principle idea.
However, the original problem in algebraic geometry stays the same. For instance, there were
moduli formulations leading to the matrix representation of the surjectivity. See p 295, [3] or
Lemma 1.24, [2].



1.2.2 Differential calculation

The main purpose of the reduction is to evade the genericity of the quintic
3-fold. This is achieved by switching the focus in the differentiation from the
evaluation point of the partial derivatives to the tangential directions of the
partial derivatives. To see it, we complete the setting. Let P° = S° NP be
the affine plane (in a projective space) spanned by three quintics fo, f1, fo (in
a linear space). Similarly we continue the evaluation (1.6) for ¢; € A. Bézout’s
theorem asserts
F]po = F[P n (]PO X Md)

is the zero locus of the 5d 4+ 1 coordinates’ components of (1.7), i.e.

fle(tr)) == f(c(tsar)) =0 (1.13)

for the varied f € P° ( the setting requires the affine open set P° and A). The
projection P,.(I'po) is therefore the scheme defined by the resultants, i.e the ideal
of the projection scheme is generated by polynomials (in ¢),

fale(ts))  file(ti))  fole(ts))
fa(e(t;))  file(ty))  fole(ty)) (1.14)
fale(ty))  file(te)) fole(tr))

for 1 <i,j,k < 5d+ 1 (the determinants are due to the linearity of (1.13) in

the variable f). Assume t is generic in @ A. Then these equations can be
5d+1
localized to only 5d — 1 equations at a generic point due to the reduction (1.10)

which requires the following condition (satisfied by the generic P above),

Pencil condition 1.3. (for P): For a generic ¢, € Ip and two quintics fy, fe
in P with a generic fy € P, div(fy) Ndiv(f.) does not contain cg.

Pencil condition is a 1st order condition and will be proved in Proposition
2.5. So we continue to show the localization by assuming the pencil condition.
Let ¢4 € Ipo be generic. If for the three quintics fy, f1, f2 in (1.14), the subspace

Ao, — span{ (f2<cg<t>>, fileg®). foleg <f>>> }

in C® had dimension one. Then there would’ve been two linearly independent
vectors B1, B2 in C? such that

Bi 'Acg = OaZ = 172a
where - is the “dot” product. Thus two quintic 3-folds

fo=D51-(f2, f1, fo), and fe=PBa2-(fo, f1, fo)

would’ve contained ¢,. Notice one of them in span(fg, fo) must be generic in
P(because ¢4 € Ip is generic). This is a violation of the pencil condition. So



dim(A.,) > 2. Hence dim(A.) > 2 for all ¢ in a neighborhood of ¢,. Thus we
obtain two linearly independent 3-dimensional vectors

fa(e(t1)), fi(ce(tr)), fo(e(tr))
fa(c(t2)), fi(c(t2)), fo(c(t2))

for each ¢ in a neighborhood of ¢,, where (¢1,t2) € A? is fixed but generic. These
two vectors span the plane A/, (depending on c) in C3. Then if

fale(ti))  fale(ts))  fole(ti))
fa(e(t1))  file(tr))  fole(tr)) | =0 (1.15)
fa(e(t2))  file(t2))  fole(ta))

fori=3,---,5d+ 1 at ¢ in the neighborhood, the first row

(fz<c<ti>>,f1<c<ti>>, fo<c<ti>>)7 i1, 5d 41

must lie in the same two dimensional plane A!. This implies that polynomials
of (1.14) vanish at the same c¢. Thus if we let Uy, be the restriction of Ip. to the
neighborhood and

fale(ts))  frle(ts))  fole(ts))
bi(c) = | falc(tr)) file(tr)) fole(tr)) (1.16)
fale(ta))  file(tz))  fo(e(t2))
i=3,---,5d+ 1 be the 5d — 1 polynomials, then Uy, is the scheme defined by

5d — 1 equations
bi(c)=0,i=3,--- ,bd+1

in the neighborhood. So we obtain a holomorphic map,
v : My — Cod-1

c — <b3(c),b4(0), . ,b5d+1(c)>.

such that (v1) 7 ({0}) restricted to a neighborhood of ¢, is Uy,. The localization
shows
ker(dvi|c,) = T.,Ur, = T¢, Ip, (1.17)

for generic ¢, € Ip. Thus if dv; is surjective, T, Ip has the minimum dimension
6. The minimum dimension will be confirmed by the following theorem.

Theorem 1.4. Let the plane P C S be generic. Then for generic t, the
differential map dvy is surjective at a generic cq € Ip.



Remark

(1) The focus is shifted to the tangent vectors in Theorem 1.4 that now
involve the basis quintics of IP. For instance, the genericity of ¢, implies
the genericity of the quintic 3-fold which is no longer the focus.

(2) Due to the differential geometric nature of the argument, Theorem 1.4
holds in a much larger category of projective varieties. This will be
discussed elsewhere.

Our principle idea is the conversion to differential geometry, i.e the non-
moduli view. The structural key in this view is the reduction (1.10) and Theorem
1.4 is its technical computation. The proof of Theorem 1.4 is completed by
computing a specific Jacobian matrix of the differential map whose difficulty
has been shifted to the tangent vectors represented by 2 basis quintics of P.
Technically, we first add 6 coordinates’ components in the target space to expand
1 to a new holomorphic map vy : My — C5¥*°. The surjectivity of diy implies
the surjectivity of dv; at the same point. Then we use special types of analytic
coordinates —polar types of analytic coordinates (built upon the 2 basis quintics
of P) to divide this particular representation, i.e. the Jacobian matrix of dvs
into 4 blocks. Each block can be computed in coordinates to finally obtain the
non-degeneracy of the matrix.

The non-canonical adjustments for the plane P is confirmed by the bigger
picture which shows the non-canonical nature of the existence for the decompo-
sition

T., My~ C* ' & CS. (1.18)

In this extrinsic setting, the objects are non-moduli and dependent of ex-
trinsic and intrinsic data which will be referred to as Jacobian data.

Definition 1.5. (Jacobian data). We define the Jacobian data to be the collec-
tion of following choices: quintics { fo, f1, f2}, a point cg € Ip, t € [[544, P!,
analytic charts of My, and affine open sets for the evaluation in (1.6), etc.

The rest of paper is devoted to the detail to verify each statement above. It
will be organized as follows. In section 2, we study the first order deformation.
It proves that Theorem 1.1 is the first order consequence of Theorem 1.4. In
particular, the pencil condition 1.3 will be proved. In section 3, we give the
proof of Theorem 1.4 by constructing the specialization of matrices.

Acknowledgment Thanks are due to my wife Jessie Liu for creating the
great environment.



2 First order deformation of rational curves

In this section, we show that both statements of Theorem 1.1 are the conse-
quences of Theorem 1.4. The argument is in moduli view.

2.1 First order deformations of the pair

Due to the linearity in quintics for the incidence relation, the first order
deformation of the pairs have a particular expression.

Lemma 2.1. Let

where I' is the subscheme of
{(f,c) € S x Mg, C C div(f)}

with projections P/, P! such that P] restricted to each component dominants S.
Then if T is non-empty, at a point (f,c) € T with the generic f € S,

dPl/:T(f,C)F — TfS (2.2)

18 surjective.

Proof. The dominance implies P/ is smooth onto a Zariski open set of S. Thus
the differential is surjective. O

Next we express the pointwise derivatives in a differential sheaf.

Let
7:MgxP! — P" n=3,4

(et) = (e (2:3)

be the morphism. (Note: The evaluation (1.4) is an affine expression of .). Its
differential map induces a homomorphism

s Te, Mg — HO(C;(TPn))

o — ms(@), (2.4)



where 7s() is the section whose restriction to each t € P! is dm(«,0) at the
point 7(cy,t) € P™. On the other hand, the map (f,¢) = ¢*(f), in non-moduli
view, is a holomorphic map

F:5°xM; — H° (@pl (5d)> (2.5)

with F71({0}) =T'N (S° x My).
Let ¢y, € My be non-zero, a € T, My and v = m(r). Let f € S°. For each
t € A C P!, the pointwise derivative (a complex number),

P! — C
t — dﬂ'(a,O)(f)‘Cg(t)

generates the stalk of a presheaf of module on P!. Such a presheaf is denoted
by
2f
av’
Note: The j—i is generated by the pointwise derivative that measures whether
the first order deformation v of the rational curve is inside of the quintic f. It
is independent of choices of affine open sets.

(2.6)

Lemma 2.2. The presheaf % 18 a sheaf of module generated by the global
section

(Ova)(F”(f,cg)
where (0,a) € T, (S° x Mg), and 7s(a) = v.

Proof. By the chain rule, % is a sheaf. Let ¢y € P! be a point. Let U be a
neighborhood of ¢4(to) and ¢; ' (U) be neighborhood of #. Then the sheaf in the
open set ¢; ' (U) is generated by the directional derivative dm (e, 0)(f)le, ).t €
¢, ' (U). By the definition the directional derivative is another derivative (0, &) (F)]s.c,)
in the open set ¢, ! (U). O

Definition 2.3. Lemma 2.1 implies the existence of the first order deformation
of rational curves, that can be expressed in two ways. For that, we define two
expressions: one is the superscript vl the other is the subscript vf.

1) Superscript. Let (fg,cq) € T be a point such that f, is S-generic. Let
f € 5° be another quintic. Now we work in the affine open set S° with f, € S°.

We denote the vector € Ty, S° from fq to f by 7 Then Lemma 2.1 implies
that there is a vector v/ € T, My (with the superscript) such that

(f.—v") € Tg, o)L (2.7)

10



where the correspondence f — vf is a linear map unique modulo ker(dP.). It
is equivalent to the existence of v/ such that

0,0 () sye0) = (F20)(F) .-

2) Subscript. We'll fix the quintic f, and denote m4(v') by

’Uf.

(with the subscript).

Lemma 2.4. With the notations above, the sheaf

2fy
a’vf

is generated by the global section cj(f).

Proof. By Lemma 2.2, the sheaf ij ‘f’ is generated by the section

(07 Uf)(F”(fg,cg)

which by Definition 2.3 is
(7. 0@y

Notice F is a linear function in f. Thus
(F OB 1,00 = 5.
O

Existence of I' is proved in [4]. Theorem 1.1 is the further statement on
its property. So we assume the dominance of P/, and use the notations from
Lemma 2.1 to Lemma 2.4 throughout the paper.

11



2.2 Pencil condition

Lemma 2.1 asserts each 1-dimensional deformation of a generic quintic car-
ries a 1-dimensional deformation of the rational curve. Pencil condition is a
further description that asserts each 2-dimensional deformation of a generic
quintic carries a 2-dimensional deformation of the rational curve.

Proposition 2.5. The pencil condition holds for a generic plane P.

Proof. Let ¢4 € Ip be generic. Let f; € P be a quintic such that C,; C div(f,).
By the genericity of P in the Grassmannian, the other quintic f. can’t contain
Cy.

O

In deformation, the pencil condition is a first order condition further than
Lemme 2.1. This is the condition needed to reduce the problem to the surjec-
tivity of the differential dv.

2.3 Zariski tangent spaces

We convert the tangential property of the moduli of rational curves to the
tangential property for rational curves on 3-folds.

Proposition 2.6. Let (fy,¢cy) € T and fy be S-generic. Then
(a)

TCQIfg

ker(ms)

where ker(my) is the line in Te Iy, and X, = div(fy).
(b) If dim(T.,1y,)=4, then

(1) cg is an immersion,

(2) and

~ HO(c}(Tx,)). (2.8)

H°(N,,/x) =0. (2.9)

Remark So the part (b) reduces Theorem 1.1 to the assertion of Theorem
1.4, ie. dim(Te,Iy,)=4.

12



Proof. (a). Recall in (2.4)

Ws:Tchd — HO(C;(TP4))

e — s (). (2.10)

Let’s analyze it. Let MY, ..., M* be the subsets of T.,My that are the 5-tuple
of H%(Op1(d)) in M, i.e.

M@ @M =T, M,

Because ¢, is birational to image, through the rational projections of P* to
its five coordinates planes of zg, 21, 22, 23, 24, we obtain the 5 identity maps

M = HO(CZ(@le(l)))
for i =0,---,4. Then the direct sum gives an isomorphism

Ts|aro ® -+ ® 7| pys -

M@---oMt S Ho@cg(@m(l))). (2.11)

Projectivizing both sides, we obtain that 7, is surjective and has one dimensional
kernel. Then Lemma 2.2 asserts for each a € T, My, 7s(c) lies in HO(c}(Tx,))
if and only if (0,)(F)|¢s,.c,) = 0 which is equivalent to a € T, Iy, , i.e. the
restriction map

Tt 1y, Tey Iy, —  HO(ch(Tx,))

is also surjective. Notice ker(my) is one dimensional and contained in T¢ Iy, .
We complete the proof of part (a).

(b) If dim(T¢,Is,)=4, then by part (a)
dim(H®(c}(Tx,))) = 3. (2.12)
Now we consider it from a different point of view. Because c, is a birational
map to its image, there are finitely many points t; € P where the differential

map
dcg : TtiP1 — Tcg(t,y)P4 (213)

is a zero map. Assume its vanishing order at t; is m; . Let
m = Z m;. (2.14)
i

Let s(t) € H(Op1(m)) such that

d’LU(S(t)) = szltz

13



The sheaf homomorphism dc, is injective and induces a composed bundle
homomorphism &;

1
dcy

Tpr 4 ci(Tx,) ¥ c(Tx,) ® Opi(—m), (2.15)
The induced bundle homomorphism & is injective at each point t. Let

c;(TXg) ® Op1(—m)
fs (Tpl) ’
where £;(Tp1) ~ Tp1. So we have the exact sequence

Ny, =

0 = Ter % ¢(Tx,)@0pi(-m) — Nn — 0. (2.16)

Then
dim(H°(Ny,)) = dim(H°(¢}(Tx,) ® Op1(—m))) — 3. (2.17)

On the other hand, three dimensional automorphism group of P! gives a rise
to a 3-dimensional subspace B of

H°(c}(Tx,)).

By the assumption in (2.12), B = H(c}(Tx,)). Over each point t € P', B
spans one dimensional subspace. Hence

cg(Tx,) = Op1(2) ® Op1(—k1) ® Op1(—k2), (2.18)
where kq, ks are some positive integers. This implies that
dim(H®(c}(Tx,) ® Opi(—m))) = dim(H®(Op1(2 — m)). (2.19)
Then
dim(H®(c}(Tx,) ® Opi(—m))) = 3 —m. (2.20)

Since dim(H®(N,,)) > 0, by the formula (2.17), m = 0. So singular ¢; does
not exist. Hence ¢4 is an immersion.
Next we prove (2). By the exact sequence for the immersion

0 — Tp: — c;(TXg) — Neyx, — 0.

we have
H(c;(Tx,)) ~ H*(Tp1) ® H°(N,, /x, )- (2.21)
By (2.18), H(N,, /x,) = 0.
O
Proposition 2.7. If the pencil condition holds, then (1.10) holds, i.e
T(fch)F]p ~ TCOI]Pa (222)

where (fo,co) € T'p is a generic point.

14



Proof. By the definition of Ip, the differential map dP, is onto. It suffices
to prove the injectivity. Let P be spanned by three quintics fy, f1, fo, where
(fo,co) € Tp is generic. Suppose dP, is not injective. Then with the notation
in Definition 2.3, there is a quintic f € P different from fy (in S°) such that

(F.0) € T4, c)T. Then

(F.0)(F)l(5y.ep) = 0

which by Lemma 2.4 is
ey (f)=0. (2.23)

The formula (2.23) indicates every point on the line through two points fy and
f is a quintic 3-fold containing the rational curve Cy. This is a violation of the
pencil condition. O

Proposition 2.7 is the last reduction necessary to prove that Theorem 1.1 is
the consequence of Theorem 1.4

3 Projection of the incidence scheme

In this section, we use the Euclidean topology, i.e. the topology of complex
manifolds. The topic of this section is the surjectivity of duq, i.e. Theorem 1.4.
It is divided into 4 steps. Each subsection contains one.

Subsection 3.1: In order to have a square Jacobian matrix, we add 6 coor-
dinates’ components to the original 11 to obtain another holomorphic map

vo: My — CPIF5, (3.1)

The surjectivity of dvs at a point on Ip implies the surjectivity of dvy at the
same point.

Subsection 3.2: Let ¢, € My be a point. We’ll construct two polar types of
local analytic coordinates around cq4. They will be used to analyze the matrix
representation (Jacobian) of the differential map dus.

Subsection 3.3: Specialize the Jacobian data, especially choose special quin-
tics fi1, fo to adjust the the expression of the Jacobian matrix & of the differ-
ential divs in the polar types of coordinates. Then break it into block matrices
to compute the blocks one-by-one.

Subsection 3.4: The subsection 3.3 is only valid around the generic point

¢g € Ip. So we use GL(2) action to transfer generic rational curves to all
rational curves in Iy.

15



3.1 Holomorphic maps

In the subsection we show the the surjectivity of dv; is induced from the sur-
jectivity of dve. Due to computation nature, we’ll use evaluation notation (1.6)
in the rest of the paper with the necessary condition that quintics lie in S° and
points of P! lie in A.

Recall the definition of v;. First let P be a plane in S spanned by three
arbitrary quintics fo, f1, f2 in S°. Choose 5d + 1 distinct, ordered points ¢; on
A C P!, denoted by t = (t1,--- ,t54+1). Then v is just the holomorphic map

v Mg — Ccod-1

(3.2)
¢ o @wmmawn%ﬂmﬂ

where

o

fale(ts))  fale(ts))  fole(ti))
bi(c) = .

t;
fale(tr))  file(tr))  fole(tr))
fa(e(ta))  file(tz))  fole(t2))

Expand the determinant b;(c) along the first row

fori =3,---,5d + 1 ( to avoid the confusion, the indexes 3,---,5d + 1 must
be distinguished from 1,2). Since the target space is the affine space C*?~1, we
can express the differential map as

au = (6a(0)e++ 50 (0))

t c(t c(t c(t
W) foeltn) ‘dh(c(tw hlet)) plen) ’dm@i»

n 2508‘1)) 1(c t; ) ‘dfo(c(ti)) +Z§j§:§j hi,(e)dfile(t;))
(3.3)
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for i =3,---,5d + 1, d is the holomorphic differential ¢ on the variable ¢ and
hfj (c) are polynomial functions in ¢. Define three numbers at a fixed rational
curve ¢y € My,

5, = | Jolea(tr)) - falcg(tr))
foleg(t2)) - fa(eq(t2))

)

fi(eg(tr))  foleg(tr)) ’

1) g g 34
2= | Rileglt2)) foley(t2)) 34
5o = | f2(ea(tr)) Fileg(tr)) ’

faleg(t2))  fi(cg(t2))
Then define the quintic 3-fold f5 by
f3 = 62f2 + 01 f1 + b0 fo. (3.5)
Then the evaluation at ¢4 yields
dU1|Cg
|
1=2,5=2 1=2,j=2
(df:s Z hzj c)dfi(e(t;)), -+, dfs(c(tsari)) Z h5d+1 (cg)d fi(c(ty))
1=0,5=1 1=0,5=1
The computation above yields
Proposition 3.1. Let vy be the regular map
vo: My — (C5d+5 (36)

given by 5d + 5 polynomials,

C

!
(fo(C(tl)), fole(t2)), file(tr)), fi(e(t2)), f2(c(t1)), fa(c(t2)) (3.7)

fa(c(ts)), fs(c(ta)), fa(c(ts)), - - 7fs(C(tsd)),fB(C(t5d+1))>-

Its natural extension to M is also denoted by vo. Then the surjectivity of duve
at the point cg implies the surjectivity of dvy at the same point cg.

4We switch the differential to the holomorphic differential, & 4+ 0 due to the polar type of
coordinates used later.
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Proof. As above,
dvi|e, = <¢3(Cg)7 o 7¢5d+1(cg)>

where
diley) = dfs(e(ts))| +31Z5721 hij (o) dfi(e(t;)) (3.8)
If dv; is surjective at the point c,4, then 5d + 5 differentials,
dfo(c(tr)), dfo(c(tz)), dfi(c(tr)), dfl( ( 2)),df2(c(t1)), df2(c(tz)) (3.9)
dfs(c(ts)), dfs(c(ta)), dfs(c(ts)), -, dfs(c(tsa)), dfs(c(tsasn))- '

are linearly independent in the stalk 7, [c,. It follows from the linear algebra
that the particular linear expression of formula (3.8) (in the basis (3.9)) shows
that the differentials

¢3(cg), -+ Psdt1(cq)

are also linearly independent in the same stalk 2, d|cg. Hence the differential
map dvy is surjective at the same point cg.
O

Remark The content is this subsection is formal in algebra.

3.2 Polar and quasi-polar coordinates

Proposition 3.1 reduces Theorem 1.4 to the surjectivity of dvy whose root lies in
the higher order deformations of the rational curves. However, it is profoundly
beyond a formal neighborhood. To attack it, we introduce the technique in
transcendental geometry — polar types of coordinates whose main character is
its non-algebraic nature.

We consider a particular type of resolution for the variety M:

M & COx A B CPx A x sym?d(PY) 2 O x A% x A%

|

(CSd+5

which is described as follows. For the domain of o1, we denote the 5 tuples of
coordinates of A°? in the order by

00, 63, -, 02, < st tuple
: L : (3.10)
0F, 03, -, 04 <« 5th tuple

18



and collectively the coordinate’s vector by 8. Denote the coordinates of C® by

r = (ro,71, -+ ,74). Let o1 be the regular map sending (r,0) to 5 tuples in M
as
Co(t), ey C4(t)
| - |
oY hma (= 60), oy e Y (¢ = 6h)

where t is the variable of A. For o5, we rewrite the domain of o; as C® x A3¢x A9,
Let ¢ be a quadratic homogeneous polynomial in 5 variables. Let d1,d2 be two
generic complex numbers. These three items define o5 to be the map sending

(r,0) to
(r, 63, div ((51q(co(t), - ,04(t))+5203(t)04(t))>

where 63 denotes the variables in the first 3 tuples in (3.10), and div is the
divisor of a section of Op1(2d). Let o3 be the product of the identity map on

C® x A3
and the symmetry product map
A%t 5 sym2d(Ph).

The map o7 by definition is a dominant and generically finite-to-one map. The
map o9 in case of 7 = 0,02 = 1 is an identity map dominating the target.
Hence for generic complex numbers 61, d2, 02 is dominant and generically finite-
to-one. At last o3 is also dominant and generically finite-to-one. So once they
are restricted to some analytic neighborhoods, they are complex analytic iso-
morphisms. In particular, we start with a point ¢, € M such that zeros of all
coordinate’s components of ¢, are distinct. Then oy is unramified at ¢, and
o1 (cg) is a finite set. We choose ¢, to be a point in o, *(c,) and ¢ to be a
point of another finite set o3 ' (02(c4)), where o3 is also unramified at ¢, due to
the genericity of d1,d2. Then due to the differential geometric inversion, there
are analytic neighborhoods U, C M, U, C C® x A% and U, C C® x A% x A%
centered around the unramified or non branched points ¢y, cq, ¢y such that re-
stricted maps in the resolution

-1
a o.
U, — U, — Uy
.. . -1
are all complex analytic isomorphisms, where o4 = 05~ 0 0».

Definition 3.2. (Polar and quasi-polar coordinates) We conclude that if
(1) cqg € My has 5d distinct zeros in cq(A) with 5 homogeneous coordinates
planes of P*,
(2) for cg = (co(t), - ,ca(t)), the polynomial

co(t)er (t)ea(t) <5lq(co(t), e ,C4(t)) + 5263(t)04(t)>
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has 5d distintic zeros in A,
then there exist following analytic coordinates for the neighborhood U., of c,.

The variables (r,0) form an analytic chart (Ue,,0; ") called polar coordinates
at cy. We denote variables of C5 x A3 x A%? py

R = (RO,... ’R4)
w = (wla e 7w5d)7
where
AP = {(wla T aw3d)}3A2d = {(w3d+1a ce aw5d)}'

These variables form analytic chart (U, , 04 ooy ") called quasi-polar coordinates
at cg, denoted by Qpr. We call R,r the radii and 0, w the angles.

Remark The analytic neighborhood U,, is thus equipped with two analytic
charts: polar and quasi-polar. However, the existence has requirements and is
not canonical.

Let zg,---, 24 be the homogeneous variables of P%. With generic ¢, d;,d,
we let
f3 = 202122(61q + d22324). (3.11)
be a quintic polynomial. Let ¢, € My be any point such that
f3(cq(1))

is not a zero polynomial in ¢ € A. For the same data g, d1, 2, we also assume
the the associated quasi-polar coordinates Qp; exist. Denote 5d distinct zeros
of falc(t)) by S

ti,t2,  ,t5d
and all lie in A. Then f3(c(£;)) for a fixed i is regarded as a holomorphic function
on the Qs neighborhood in Mj.

Proposition 3.3. Then the Jacobian matrices for the set of polynomial func-
tions f3(c(t;)) at the point ¢y have simple representations in quasi-polar coordi-
nates as follows. Let

b — 0 f3(cq(f1))
1 6w1
: (3.12)
b O f3(cy(tsa))
e R

Then they are non-zeros and the Jacobian matriz evaluated at cg4 is diagonal:

b 0 ... 0 0--- O
Ofalegli)). = Soleglisa)) _ [0 b2 o 00 0N
a(UJ1,"',W5d,R0,"',R4>

0 0 ... bsgg 0--- O
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Proof. Note w;,i = 1,---,5d are distinct in A. Thus the quasi coordinates
in Definition 3.2 exist. Applying QQp; coordinates to the local holomorphic
functions in the form f3(c(t)), we have

5d

fa(e(t)) = roriraRo [ (£ — wi).- (3.14)

i=1

in the neighborhood U,,, where Ry is the analytic function
01q(ro, -+ ,7a) + 027374

of the radii. Proposition 3.3 follow from the partial derivatives of the expression
(3.14). We complete the proof. O

Remark The content of this subsection only holds in transcendental geom-
etry due to the inverse function theorem.

3.3 The specialization and deformation

The proof of Theorem 1.4: By Proposition 3.1, it amounts to show the surjec-
tivity of di, at a point. Notice the surjectivity is an open condition. Our idea
is to select a specific Jacobian data not only to have the intrinsic surjectivity
but also the extrinsic accessibility. In particular, it includes the polar types of
coordinates. In the following we divide them into 3 types: quintics fo, f1, fo,
rational curve ¢4, and 5d points t; € A.

Let zg,--- , 24 be the homogeneous coordinates of P%. Let fy be S-generic.
Let
f2 = zoz1222324,
f1 = 2021224,

where g is a generic quadratic homogeneous polynomial in zg, - - - , 24. The affine
set S° is the collection of all quintics with non-zero zgz1z92324 term.

Let
Cg € Ip

be a point that has coordinate’s components,
cg = (co,- -+ ,ca).

By choosing a generic homogeneous coordinate’s system, we may assume cg4
has 5d distinct intersections in c¢4(A) with coordinate’s planes, i.e. the five
coordinate’s components
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have 5d distinct zeros in A. In the following we choose 5d 4+ 1 distinct points ¢;
on A C P!, denoted by t = (t1,- -+ ,t5441)-
(1) Let t5q+1,t1,t2 be generic and variables t1, 2, 2, ¢, ¢4 satisfy

faleg(tr))  fileg(tr)) | _
fa(eg(t2))  fi(cq(t2)) '—0- (3.15)

(2) Let

5. — | foleg(tr))  faleg(tr))
FT ] Soleg(ta)) faleg(t2))

5, — | 11(eg(tr)) foleg(tr)) ‘
27 fileg(ta)) foleg(t2) |
5

Then the ratio of d1,d2 is generic in C because fy is a generic’. Notice the
polynomial in (3.11) evaluated at ¢, is

)

(3.16)

f3(eg(1)) = co(t)er(t)ea(t) (5161((09(75))) + 5203(t)04(t)>~ (3.17)

Therefore the first two zeros of the coordinate’s component co(t) = 0, 90(1), 08 are
zeros of f3(cy(t)) =0. Let t3,--- ,t5q be the rest 5d — 2 zeros.

Now we can combine the selection with the expression of dvs. Recall in the
formula (3.7) there are 5d 4+ 5 functions. We divide them two groups: the first
group with 5d — 2 functions

f3(e(ts), fa(c(ta)), -+ oo oo, fa(cltsa—2)), fa(cltsa—1)), fa(c(tsa))  (3.18)
denoted by Fy; the second ordered group with 7 functions,

Fa(eltsar)), fole(tr), falelt2), Fi(e(tr)), file(t2)), fo(e(tr), fo(e(tz), (3.19)

denoted by Fo. With above choices, [d1, d2], g are all generic. So we can choose
the quasi-polar coordinates s, defined in Definition 3.2, to be the local coor-
dinates around ¢, € Ip. We divide the (J); coordinates also into two groups:
the first ordered group with 5d — 2 variables,

w3, ,Wsd (3.20)

denoted by wi; the second ordered group with 7 variables (most are radii),
w1, wa, Ro, R, R2, R3, Ry. (3.21)
denoted by wy. Then the representation of the differential map dvs|c, in Qur

coordinates can be written as

O(F1,F9)

,d =
8(w1, Wg)

(3.22)

Cg

5The existence of &1,z is the pencil condition. As in the reduction (1.10), the condition
is necessary for the calculation to continue.

22



(where a row vector is the partial derivatives of the same function). Above
divisons allow us to divide & to 4 blocks.

oF, OJOF,
6W1 8wz
(3.23)
0F, 0F,
8w1 8wz cq

Due to the selection (3.15), in the calculation of (3.23), we can replace f with f.

JOF
Applying Proposition 3.3, we found that =11 is anon-zero diagonal matrix

W1

and !
OF,

8W2

= (0).

Cg

Therefore to show ¢ is non-degenerate, it suffices to show

F
det( oFy

S| )70 (3.24)

Cg

where explicitly
JF2

8wz

[
O(f3(c(tsar1)), f2(c(tr)), f2(c(t2)), fi(c(tr)), fi(e(tz)), fo(e(tr)), fo(e(te)))
O(w1,ws, Ry, Ry, Ry, R3, Ry) '

(3.25)
is a 7 x 7 matrix. Next we adjust each variable in the following to reduce the
determinant.

I) Genericity of t5411. The genericity of ¢ makes the following curve in C7,

0fs(c(t)) Ofs(ct)) Ofs(c(t))  Ofs(c(t))

, , , , ,t €A 3.26
( awl (9(4)2 8R0 3R4 ) ( )
span the entire space C7. This means the first row vector of the matrix

0F5

8W2 cq

is linearly independent of other 6 row vectors if t5441 is generic. Hence it suffices
for us to show the non-degeneracy of the 6 x 6 Jacobian matrix

a(<f2<c<m>,f2<c<t2>>,f1<c<t1>>,fl(c(tzn,fo(c(tm,fo<c<t2>>)

Q% P—
! O(w1,w2, Ro, Ry, Ra, R3)

Cg

(the column of partial derivatives with respect to Ry is eliminated).
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IT) Genericity of ¢. To show %, is non-degenerate, it suffices to show it is
non-degenerate at a special ¢; € Ip. To do that, we let Ly be the pencil through
fos f2- A component Ip contains a component Iy,. We then select ¢s to be a
generic point of Iy, (c¢s is generic in a lower dimensional subvariety I1,,, but may
not generic in Ip). Because ¢ can vary freely to a generic position as 1st, 2nd,
5th and 6th rows stay fixed, two middle rows of the matrix %,

(3f1(0(t1)) 0fi(c(tr)) Ofi(c(t))  Ofilc(tr))

’ ’ ’ ) )es
069 001 OR, or
(8f1(0(1t2)) df1 (c(ltz)) 8f1(c((7)52)) 8f1(c€t2)) ) (3.27)
060 7 96y 7 ORy 7 ORy ¢

must be linearly independent after the reduction by the span of 1st, 2nd, 5th
and 6th rows. Then we reduce the non-degeneracy of %; to the non-degeneracy
of 4 X 4 matrix

O(f2(c(tr)), f2(c(t2)), folc(tr)), folc(t2)))
8(&)17 Ro, Rl, Rg)

B (01) =

(3.28)

(two row vectors (3.27) are eliminated), where the dependence of ¢; in the
differentiation is denoted. Next we change the coordinates from quasi-polar to
polar with the conversion formula,

0 0
d0'4.879? = 870.}14_515
do o = i—i—(5a

4.37‘0 aRo 170
R A
04.87‘1 8R1 1
do .9 = — + 0

4.67“2 (9R2 172

where 8, ag, aq, ag are fixed vectors in T, (U, ). Then we obtain
%2(51) = %B3+ 01 B.
where B is some matrix independent of d; and

_ A(fa(c(t1)), fa(e(t2)), fole(tr)), fole(t2)))

3(095 To, 7‘1,7‘2)

B3

. (3.29)

is in polar coordinates and clearly independent of §;. Since d; is generic, so it
suffices to prove the non-degeneracy of

_ 9(fale(tr)), fa(e(t2)), folc(tr)), fo(c(t2)))

0(9?77‘077.17702) |CS

B3

in polar coordinates.
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IIT) Genericity of fy. The partial derivatives with respect to polar variables
can be converted to a multiple of partial derivatives of quintics. Applying this
direct calculation, we obtain that

B
[
1
. 1 1 1
t1—09
1 1 1 1 (3.30)
Moo )
et (280 sy (1 F)Netr) (2252)lenien)
o) s (t2 2] 9 0
7]00(800(1)@ L (208 ety (130 ests) (2252 Nenta)

where ) is a non-zero complex number from the multiples. We further compute
to have

B3
[
. . . (3.31)
)\(ﬁ - t;é’g) (20273)|c3(t1) (2127?)|c5(t1) (Zzgfzgﬂcs(tl) :
(ZOTQ))) cs(t2) (Zl 372) cs(t2) (ZQTQ) cs(t2)

where 69 is a complex number. Since all the variables t1, t2, 2;, ¢ are only required
to satisfy one equation (3.15), we may assume (t1,t3) € C? is generic. Let’s now
prove the non-vanishing of

1 1 1
J(fo,cs) = (Zo%) ca(ty) (21%) csltr) (22%) colt)
(2052 est)y (15 lerte) (252, (t0)

First we identify the quintic 3-fold containing cs as fs. Then we consider a
different Jacobian where the quintic contains cg, i.e.

1
Afs dfs Ofs
J(fs,cs) = (Zngo) culty) (Zlg%) cultr) (Zza*fz) cu(ty)
2058 ey (15 )ean) (225 )

We then obtain fa(es(tr))  foles(tr))
TUse) = | i) o) |

where of of
f4 == ZOaZU — z2 Dz
Ofs Ofs

f5 = Zl le - Z2 622

are two quintic 3-folds. If J(fs,cs) = 0, then by the genericity of ¢1,t2, the two
dimensional vectors vectors

(f4(cs(t)), f5((cs(t)>, all t
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must span a line. So there exist two complex numbers €1, €5 not all zeros such
that

afs 8f5 afs
(612’08720 + 62218721 + (—61 — 62)2’28722) est) = 0. (3.32)

Then the vector field (with the varied t € P!)
n= [07 07 €1Cg(t)7 620; (t)a (_61 - €2)C§(t>]

is the non-zero holomorphic section of (¢s)*(Tx.), where div(fs) = X, is the
generic quintic 3-fold and ¢ is the i-th coordinate’s component of cs. Let
U C P! be the open set such that ¢s : U — ¢(U) is an isomorphism. Then
ci(Ty) is a subbundle of (cs)*(T'x,)|v. Let E be the closure of ¢} (T, ) in
(cs)*(Tx.). Then it is also a vector bundle. Since the pushforward of a section
of Tp: is a section of E that has m + 2 zeros, E has degree m + 2. Notice 7

has nonzero reduction 7 in the quotient bundle (ea)" (Tx,)

a line bundle L, C % On the other hand, LIETX) is a rank 2 bundle
of degree —2 — m. So there is a decomposition

(cs)"(Tx.)
E

. Thus it determines

~ Op1 (k) ® Op1 (—k — 2 — m) (3.33)

where k, m integers and m > 0. Since two numbers —k — 2 — m,k can’t be
non-negative simultaneously, L, could only be either

Opi1(k), or Opi(—k — 2 —m).

In either case, L,, is intrinsically determined by the bundle structure of (¢)*(Tx, ).
However L,, which is determined by 7 varies with extrinsic coordinates zg, - - - , 24.
The contradiction shows

J(fs,cs) # 0.

At last we deform ¢, to a generic position in Ip to obtain a generic ¢, € Ip with
J(fs,cq) # 0. We complete the proof of Theorem 1.4 for the specific P spanned
by the chosen quintics fy, f1, fo- Since the surjectivity is an open condition, we
can deform three quintics in the basis to S-generic quintics. So Theorem holds
for generic P.

Remark The proof shows Theorem 1.4 does not hold for all P, but it holds
for the most of selected P. So the assumption of the genericity of P in introduc-
tion is for the convenience only.

3.4 Hilbert scheme /Z,(X)

Let’s prove Theorem 1.1 for ALL rational curves c. Theorem 1.4 asserts the
T.Ip = 6 at generic ¢/ € Ip. Let f be such a quintic that (f,¢’) € I'p. Then
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the genericity of ¢’ implies that (f,¢) € T'p and f € S are also generic. By the
pencil condition dim(T.Iy) = 4. Notice If is a scheme whose dimension > 4.
Hence it must be smooth at ¢’ of dimension 4. Notice the GL(2) orbit of ¢’ on
Iy also has dimension 4. Since Iy is irreducible, the orbit is I¢. Furthermore
for all ¢ € Iy, dim(T.Iy) = 4. Then Proposition 2.6 implies ¢ is an immersed
rational curve such that H O(NC/ x) = 0. Hence the Zariski tangent space of
Ma(X) at [C],
Hom(Fc /52, 00)

is also 0. Since dim(My(X)) > 0, Mq(X) is smooth at [C] of dimension 0.
Theorem 1.1 is proved.
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